Abstract-This paper extends the results on reverberation identification and removal in ultrasound imaging to present an mathematical model for iterative representation of the echo time duration of reverberated radio frequency pulses. Experiment is conducted to show its usefulness in identification and removal of reverberation artifacts .
INTRODUCTION
In medical ultrasound imaging, reverberation caused by reflections of ultrasound pulses between closely spaced interfaces gives rise to multiple copies of the anatomy at the interface, which significantly degrades image quality and accuracy. Such artifacts provide misleading information in the appearance of anatomic structures, placement and size and may result in serious clinical misdiagnosis.
The effect of reverberation has been studied in the areas of underwater acoustic (i.e. Oceanography [1] ) and active sonar systems [1] [2] [3] [4] and there exist several techniques for reverberation removal. To reduce the water-confined reverberation, Chang et al. [5] applied a predictive deconvolution technique, which can adequately deals with reverberation of varying repetitive period and waveform by using appropriate prediction lag ( ) and filter length (N). Bylund et al. [6] presented an interactive 3D Wiener filter for reverberation detection and removal and showed desirable selective capabilities for reverberation. In [7] , Zhu and Liu suggested an adaptive suppression algorithm for reverberation artifacts in ultrasound images based on the 2-dimensional fast Fourier transform in the frequency domain. Moreover, Duarte et al. [8] is on identification of reverberation echoes in multilayered media, based on comparison of their power spectra and linear combination of the temporal relationship in terms of time-of-flight (TOF).
This study is an extension of the result of identification of reverberation echoes in multilayered media in [8] . To provide a systematic study, we analyze the reverberation artifacts formation and propose a mathematical model to represent the linear iterative relations of the reflected and reverberated ultrasound echo pulses. We further use this model and the frequency domain identification algorithm in [8] to conduct experiment on reverberation identification and removal in radio frequency echo pulse processing and ultrasound imaging. The results can demonstrate the usefulness of the iterative model and the reverberation identification and removal procedure.
II. PROBLEM STATEMENT
Consider a transducer transmitting an ultrasound pulse into a multi-layered media. When the pulse incident upon an interface of acoustic impedance mismatch, it is reflected and the echoes are recorded by the same transducer. Referring to Figure 1 , reverberation occurs when the pulse undergoes multiple reflections at the same interface, giving rise to repeated image of the same anatomic boundary. Hence, the first echo (i.e. primary) from a particular interface gives rise to a true image while the remaining echoes (i.e. reverberation) reflected from the same interface will attribute to virtual image. To resolve reverberating echoes from primary, TOF has been investigated. TOF is the time taken from the pulse transmission until its return to the transducer after propagating through a distance. It is indexed according to the time of arrival.
Figure 1: Characteristic of Reverberation

III. MATHEMATICAL MODEL
Since the reverberating echoes are due to multiple reflections at the same interface, a reverberating echo will primarily follow the same path as the former echo, except propagating more than once between some of the layers. Thus the TOF of a reverberating echo will be a linear combination of the TOFs of preceding echoes.
To reveal the model of reverberation from its primitive nature, observations and theoretical analysis through the aid of schematic diagrams is performed. For clarity, the paths of the ultrasound pulse are drawn as slanting lines, although they are perpendicular to the interfaces in reality. Only the paths directly attributed to reflections were illustrated.
First, as shown in Figure 2 , an incident pulse is transmitted on to layer 1 and a reflection occurs. The TOF denoting this reflection is TOF 1 . The second echo is generated by the incident pulse passing through layer 1 and reflected by layer 2, with the time of flight being denoted by TOF 2 . As a result, TOF 2 -TOF 1 is the return echo time interval between Layers 1 and 2.
Consequently, Figure 3 shows the TOF of the third echo which reflected twice at Layer 2 can be constructed as a combination of TOF 2 and TOF 1 , resuting in TOF 3 = TOF 2 + (TOF 2 -TOF 1 ) = TOF 1 + 2(TOF 2 -TOF 1 ). Similarly, the fourth echo TOF 4 is reflected between the transducer and the first layer twice, yielding TOF 4 = 2TOF 1 .
The fifth echo in Figure 4 has several possibilities. It may be the first reflected from layer 1 and then layer 2, or by layer 2 first followed by layer 1. But the resultant time of flight TOF 5 should be the same since the distances of the paths travelled are the same in both cases. Hence, TOF 5 = 2TOF 1 + (TOF 2 -TOF 1 ).
Similarly, TOF 6 can be considered as a double reflection from layer 2 and denoted as TOF 6 = 2TOF 2 = 2TOF 1 + 2(TOF 2 -TOF 1 ). The TOP of echo seven has three reflections from layer 1 and its equation is TOF 7 = 3 TOF 1. These are shown in Figure 5 . The last echo of interest has a reflection from layer 2 rather than layer 1 and other reflections are all the same. Similar to TOF 5 , TOF 8 also has many possibilities and only one case is shown in the schematic diagram. The equation for this echo can be written as TOF 8 Based on the above observations and schematic outlines, the nature of reverberating echoes could be more systematically and concisely illustrated in the pattern for the two-layer model in Table 1 . It shows that the reverberation follows a predictable pattern. ( )
where TOF N+1 represents the TOF of the echo under investigation; N is the total number of echoes examined; a i and b jk are integer coefficients, and i, j and k denote indices of TOFs.
The model (1) is an expression of all possible multilayer reverberations. The first term in the equation represents the time taken for the pulse to travel directly toward each interface and back to the transducer. The second term represents the time taken for the pulse to travel between some interfaces. Hence, the coefficients a i and b jk represents the repeated number of reflections propagated by the reverberating echo in the respective layer(s).
Some conditions are necessary for the mathematical model to hold, namely: 1. Coefficients a i and b jk must be non-negative integers. This is based on the concept that reverberated echoes are integer multiples of its primary echoes. 2. a 1 + a 2 + … + a N > 0. This is necessary because practically, the TOF of a reverberating echo can never be formed only with the difference between two preceding echoes.
The TOF model (1) can be reorganized and written in the following form 1 1 ,
where c i denotes integers which can possibly be positive, negative or zero. Model (2) shows that the TOF under consideration is a linear combination of integer multiples of past TOFs.
It is noted that coincidence due to the velocity and layer thickness might affect the classification of echoes. As depicted in Figure 7 , the two signals have the same TOF but one is caused by reverberation and the other one is due to a primary echo. However, this coincidence will not affect the identification of reverberation.
Figure 7: Coincidence due to pulse velocity and layer thickness
Models (1) and (2) The reverberation identification procedure of Duarte et al [8] is based on the assumption that each medium interface has its own spectrum nature, so can be identified from the spectrum of its echo pulse. The computational algorithm of this reverberation identification procedure involves the following steps.
1. The system retrieves the ultrasound radio frequency (RF) echo pulses p i (t) and compute E ij (K ij * ) and ij E for all possible P i (ω) and P j (ω).
2. Use the TOF model (2) to search the primary and reverberation echo pulse candidates.
Each reverberation echo candidate p j (t) has an error function E ij (K ij ) associated with a primary echo candidate possible p i (t). p j (t) is identified as a reverberation echo
pulse if
V. EXPERIMENT
This section presents experiments on using the reverberation model and identification procedure in B-mode imaging. The general steps required to form B-mode image includes (1) RF Interpretation, (2) RF filtering, (3) Envelope Detection, (4) Logarithmic Compression and (5) Scan Conversion [9] . In comparison to the B-mode image display procedures, for the interest of attaining a reverberation-free image, the additional steps for reverberation identification as presented in Section IV are included in the B-mode imaging procedure before the envelope detection using Hilbert Transform.
This study used the SONIX RP Scanner which is a diagnostic ultrasound system incorporated with an Ultrasound Research Interface (URI). It is equipped with a functional research package with emphasis on developing new imaging modes and clinical tools for ultrasound academia. The flexible PC architecture simplifies RF acquisition and data storage.
In SONIX RP scanner, transmission of ultrasound pulses and receiving of RF signals was done by the same transducer during different period. We used the linear array probe, L14-5W/60 of Ultrasonix®, with the following specifications:
• Frequency Bandwidth: 14 -5 MHz A precision small part gray scale phantom, as shown in Figure  8 , was used to mimic the biological tissue (non-homogeneous, multilayer).
Figure 8: Phantom
The phantom was immersed into water to augment the seperation between primary image and reverberation image and thus reverberation effects could be seen more explicitly. This setup is as shown in Figure 9 .
The data collected from the experiments were processed using MATLAB as a platform for signal processing and image generation. Figure 10 shows a single line of raw RF data acquired before reverberation echoes removal, while Figure 11 shows the results of the same RF line after reverberation echoes eliminated. The reverberation echoes had been removed or replaced by the possible true data obtained from the adjacent data which were cohesive to RF data. Under such circumstances, a complete Bmode image with the same dimensions as the original image can be reconstructed. As a result, the B-mode ultrasound images constructed without and with the reverberation procedure are shown in Figures 12 and 13 , respectively. Compare the initial image with the final image, we can clear see that the second and third horizontal boundaries (reverberation of first boundary) have been removed and some point-like features between second and third horizontal boundaries (reverberation from the dots below first boundary) have been removed as well. The images clearly demonstrated the effectiveness of the reverberation identification and removal procedure.
In addition, the quantitative analysis performed further supports the improvement in image quality shown in Table 3 . The result shows that an accuracy of 88.1% was achieved.
VI. CONCLUSION
The presence of reverberation artifacts can hinder the analysis of signals and images. Besides compromising image quality, the presence of reverberations can be erroneous in the quantitative parameter estimation in fields such as biological tissue characterization. The proposed mathematic model in this paper will allow a systematic and concise representation of reverberation artifacts and thus provide a powerful means for the identification of ultrasound echo pulsed cause by reverberation and removal of reverberation artifacts from ultrasound images. It is expected that the presented model can be further utilized for more stringent classification of reverberation echoes and for development of more accuracy and computational efficient algorithms for reverberation removal in ultrasound imaging.
